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March, 1953 


SYNOPSIS 


An arithmetical procedure is presented for determining moments in con- 
tinuous frames having curved girders. Values of the required properties for 
application of the procedure in the usual case of girders of circular arc plan 
are included, 


INTRODUCTION 


In keeping with modern trends in architecture, and with clearance and 
space requirements, it seems likely we shall see an increasing use of frames 
with curved girders. 

Girders of circular arc plan, such as that illustrated in Fig. 1(a), have 
been analyzed?’ ? by distributing moments about normal and tangential axes 
at the supports. In (b) and (c) of Fig. 1 are shown plan views of frameworks 


in which the normal and tangential axes of the several members framing into 
a joint are not similar. Methods used for analyzing the structure in Fig. 1 
(a) are not applicable to structures such as those in (b) and (c). 

In a previous paper’ the author presented a numerical procedure for de- 
termining moments in continuous frames whose members are straight but 
join at various angles in space. That procedure involves successive correc- 
tions to moments about arbitrarily chosen rectangular axes, 

In this paper the same general idea is used, with all moments and proper- 
ties of the members referenced to a pair of orthogonal axes in the plane of 
the frame. The members can have any curvature, including segmental, in 
plan, but of particular concern in this paper is the common, circular arc 
shape. Tables of the required properties of such shapes are included, as are 
numerical examples illustrating the procedure, 

For open sections, such as I-beams and channels, it would be important 
to consider the effect of warping restraint when determining the torsion fac- 
tor, J. However, such open sections would hardly be used for curved girders 
subjected to appreciable torques. For closed sections, as contemplated here- 


*Professor of Civil Engineering, Iowa State College, Ames, Iowa. 

1, ‘*‘Moment Distribution Applied to Flexure and Torsion’’, by Mervin B. 
Hogan, Bulletin No, 26, Eng. Experiment Station, Univ. of Utah, Salt Lake 
City, Utah, 1945. 

2. ‘‘Analysis of Continuous Circular Curved Beams’’, by Becla Velutini, 
Journal, ACI, Nov. 1950. 

3. ‘‘Numerical Analysis of Continuous Frames in Space’’, by James Micha- 
los, presented at the ASCE Convention, Denver, June 19, 1952, and sched- 
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in, the warping effects are considered secondary and are not included. 
STIFFNESSES AND CARRY-OVER FACTORS 


In Fig. 2(a) a moment, Mp? is applied about the z axis at end B ofacurved 


member lying in the xz-plane. If no rotation is permitted about the x axis at 
the same end, and likewise no rotation is permitted about either the x or z 
axes at end A, the applied moment, Mp will induce moments about the 


x axis at B and about the x axis and z axis at A. These moments are labeled 
)p-ar 209 (CL 
within a parenthesis designates the axis to which the carry-over is made, 
and the second subscript designates the axis about which a moment was 
applied. The subscripts outside a parenthesis indicate the direction of carry- 
over, 

In (b), (c), and (d) of Fig. 2 are shown the carry-over moments resulting 
from the application of moments M.A’ M,p» and Mya respectively. All mo- 


ments in Fig. 2 are positive, and are shown as vectors. Use the right-hand 
screw rule for sense of these positive moments, 
Suppose that Mp is of such a magnitude that the end B is rotated through 


a unit angle about the z axis while no rotation is allowed to take place about 
the x axis at B and about the x and z axes at A. Such a moment is defined as 
the stiffness about the z axis at end B and is labeled K 2B’ Similarly, there 
2A’ K xB’ and K KA’ 

Stiffnesses for various lengths and orientations of circular segments are 
given in Table 1, Values are tabulated for three ratios of bending to torsion- 
al rigidity (EI/GJ) along the segment. All values of stiffness given in the 
table are in terms of r/EI, where r is the radius of curvature. The method 
by which these stiffness values were determined is discussed at the end of 
this paper. 

Curves can be drawn from the values given in Table 1, and one set of 
curves is shown in Fig. 3. Such curves enable one to interpolate between 
tabulated values and also between the three values of EI/GJ considered in 
making the tabulation. A study of Table 1 will show that the values of all 
four stiffnesses are related, and consequently all four stiffnesses can be 
read from one chart such as Fig. 3. 

Carry-over factors are given in Table 2. By tabulating carry-over fac- 
tors in terms of the stiffnesses, only six sets of values are required, for 
each ratio of El to GJ, instead of twelve. This is because of the equalities 
resulting from the existing reciprocal relationships. All values in Table 2 
are also in terms of r/EI. Therefore a carry-over factor can be obtained 
directly by dividing a value in Table 2 by the appropriate value from Table 1. 
The determination of the values in Table 2 is discussed at the end of the 
paper. 

For general use, curves should be drawn by means of the values in Table 
1. Actually, only three sets of curves need be constructed for each value of 
the ratio EltoGJ. For example, if a set of curves is drawn for determining 
(c,,) A-B’ values of (C,.B- a ©an be obtained from the same curves by 


changing the sign of the angle 7). 


are called carry-over factors. The first subscript 


are stiffnesses K 
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Curves for stiffnesses and for carry-over factors (in terms of stiffnesses) 
have the shape of sine, or cosine, curves. As a result, only a few points are 
necessary to adequately define any curve. In Tables 1 and 2, values are lim- 
ited to an angle 7 equal to plus or minus 90 degrees, but since the shape of 
the curves is known, they can be extended to cover any value of 7. 


FIXED-END MOMENTS 
In Fig. 4(a) positive bending and twisting moments are shown at the ends 
of a member AB. Positive moments about the x and z axes at the ends of the 


same member are shown in Fig. 4/b). These moments are related to the 
former in the following way: 


MA m, sin m cos® 
mt, cos @ m sin® 


Mt, sin y 


mzB mt, cos sin 


Table 3 contains values of fixed-end moments, resulting from a concentra- 
ted load W, for members of circular arc plan. Because of the more econom- 
ical presentation which results, the fixed-end moments tabulated are those 
about the bending and twisting axes. For use in the numerical procedure of 
this paper, these bending and twisting moments are resolved into fixed-end 
moments about the x and z axes as indicated by Eqs. 1. The method by which 
the tabulated fixed-end bending and twisting moments were obtained is out- 
lined at the end of this paper. 

All values in Table 3 are in terms of the concentrated load, W, and the 
radius of curvature, r. If more than one concentrated load is on the member, 
add the fixed-end moments due to each one. For general use, curves for m,, 
and m, should be drawn by means of the tabulated values. Such curves for 
Mm,» with a ratio of EI to GJ equal to 2, are shown in Fig. 5. These curves 


have the typical shape of influence lines for fixed-end moment. 

Values for fixed-end bending and twisting moments resulting from a uni- 
formly distributed load are given in Table 4. Curves can be plotted for gen- 
eral use. 


NUMERICAL EXAMPLES 


A plan view of a frame containing curved members is shown in Fig. 6. 
The curved girders and straight beams are supported by columns at their in- 
tersections. At their opposite ends the straight beams are considered fixed. 
They could instead be framed into other members without affecting the num- 
erical procedure except that it would be necessary to distribute carry-over 
moments at these ends. 

From the dimensions and properties given in Fig. 6, the stiffnesses . an be 
obtained from Table 1 for the curved members, and from 4EI/L and GJ/L 
for the straight members. They are as follows: 
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For members 1 - 2 and 3 - 4:- 
= = 2.317 = 2.317 = 0.657 E 
Kx] = Kx2 = 0.761 ET/r = 0.751 (UE/14.1h) = 0.215 E 

For member 2 - 3:- 

= Kz3 = 26317 BI/r = 2.317 (208/28.28) = 1.642 
Kya = Ky3 = 0.761 BI/r = 0.761 (20E/26-26) = 0.539 E 
For the straight beams:- 
Kx = LET/L = hE (3/20) = 0.600 E 
Kz = GJ/L = EI/L = 3£/20 = 0.150 E 
For columns 1 and 4:- 
Ky = = (1/1h) 
Kz = WET2/L = WE (3/14) 
For columns 2 and 3:- 
Ky = = WE (2/1h) = 0.570 E 
Kz WETZ/L = (6/14) = 1.710 E 


For convenience in distributing unbalanced moments at joints 1, 2, 3 and 
4, distribution factors equal to K 2 K, and K,/= K, were determined for 


each member at each joint. For example, at joints 1 and 4: 
Distribution Factors 


1-2 (or 4-3) 0.215 0.657 0.195 0.395 
1-5 (or 4-8) . 0.600 0.150 0.546 0.090 
Column 0.285 0.855 0.259 0.515 


1.100 | 1.662 1.000 1,000 


In a similar manner, distribution factors were obtained for joints 2 and 3. 
All distribution factors (Dist. Factors) are listed near the top of Table 5. 
Carry-over factors are obtained by means of the values listed in Table 2. 
For example, for member 1-2, with ¢ equal 90° and 1 equal to zero, 
Ke) = Kz2 (C2z)2-1 = EI/r 
Then, dividing by Koy and Ky respectively, we obtain 
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and (Con) 2-1 = = 0.452 


Because the angles ¢ and 7 are the same for all three of the curved girders, 
the carry-over factors for all three are identical. The carry-over factors 
(C. O. Factors) are listed near the top of Table 5. 

The fixed-end moments (F.E.M.) listed in Table 5 were obtained with the 
aid of Table 3. For all girders the ratio of o, to ¢ is equal to 0.5, and there- 


fore the fixed-end bending moment and the fixed-end twisting moment at each 
end are, from Table 3, 

m, = 0.22171 Wr 

m, = 0.01460 Wr 
Substituting the appropriate values of W and r in the above expressions, the 
moments m,, and m, were found to be equal to 37.7 ft. kips and 2.5 ft. kips, 


respectively, for girders 1-2 and 3-4. For girder 2-3 these values were 
found to be 176.0 ft. kips and 11.6 ft. kips. Then placing these values in Eqs. 
1, the fixed-end moments shown in Table 5 were obtained. 

The columns and straight beams are not listed in Table 5 since it is not 
necessary to make intermediate distributions. Moments in these members 
are determined after the moments at the ends of the curved girders have been 
obtained. 

All moments about x-axes are listed in the left half of Table 5, and all 
moments about z-axes in the right half. The unbalanced moments at each 
joint are distributed, by multiplying with the appropriate distribution factors, 
and listed opposite ‘‘Dist.’’ For example, the original unbalance about the x 
axis at joint 2 is equal to the algebraic sum of -24.9 and -116.1, or -141.0. 
To balance this moment the distributions must be positive, and are 


0.112 (141.0) = +15.8 to member 2-1 
and 0.280 (141.0) = +39.5 to member 2-3 


The remainder of the unbalanced moment is taken by the column and member 
2-6, and will be accounted for later. 

The distributed moments are then multiplied by the appropriate carry- 
over factors and entered as carry-over moments. Carry-overs due to mom- 
ents about x axes are listed opposite the designation C. O. M. (x), and carry- 
overs due to moments about z axes are listed opposite C. O. M. (z). To il- 
lustrate, consider the carry-over moments resulting from the initial distri- 
bution to the x axes. These moments are first multiplied by the upper line of 
carry-over factors — (C 1-2 to and the results are listed in 


the left-half opposite C. O. M. (x) as -15.8,----- , 715.8. They are listed in 
the left-half portion of the table because they are carry-over moments to the 
x axis, and they are placed opposite C. O. M. (x) because they are due to 
moments about the x axis. The moments distributed to the x axes are next 
multiplied by the carry-over factors in the middle line, (C 1-2 to 4-3" 
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The resulting products, -9.5,----- , +9.5, represent carry-over moments to 
z axes due to moments about x axes, and consequently are placed in the 
right-hand portion of the table, Opposite the designation C. O. M. (x). Simi- 
larly, the use of the carry-over factors in the lowest line results in the 
values +2.9,----- , 72.9, placed in the right-hand portion of the table, and 
also placed opposite C. O. M. (x). 

The carry-overs due to moments about z axes are then obtained as pro- 
ducts of the carry-over factors and distributed moments in the right-hand 
section of the table. These carry-over moments are all entered opposite C. 
O. M. (z). 

The next step is to determine the new unbalanced moment at each joint, 
about each axis, and to distribute it. For example, at joint 2 the unbalanced 
moment about the z axis is 


+1.2 -3.5 -0.1 -8.3 +8.3 -3.5 = -5.9 


This unbalance is distributed 


0.158 (5.9) = +0.9 to member 2-1 
and 0.394 (5.9) = +2.3 to member 2-3 


Four cycles of carry-over and distribution were considered adequate in 
Table 5. Because of the symmetrical case considered, the final end mom- 
ents about the x axis for member 2-3 are approaching the fixed-end moments, 
-116.1, and are listed as such. Also, the final end moments for member 1-2 
are converging to a sum equal to the sum of the fixed-end moments, or 49.8. 

The moments about x or z axes anywhere in the curved girders can now 
be found, by computations of statics, from the final end moments. Then 
moments about x and z axes can be resolved into bending and twisting mom- 
ents. 

The final step is to determine the moments in the columns and connecting 
straight beams. The final end moments obtained in Table 5 are shown in Fig. 
7. The moments in the individual columns and straight beams can now be ob- 
tained by distribution of the moments acting on column and beam together. 
For example, the total moment to be distributed about the x axis to column 
and beam at joints 2 and 3 is 15.3 plus 116.1, or 131.4 ft. kips. This is dis- 
tributed in proportion to their relative stiffnesses, 0.570 and 0.600, as 


follows: 


0.570 
0.570 + 0.600 


ond 0.600 
0.570 + 0.600 


One-half of 64.0 and 67.4 is then carried over, respectively, to the far end of 


the column and the beam. 
The total moment to be distributed about the z axis to column and beam at 


joint 2 is 59.0. The distribution is made 


1.710 
1.710 + 0.150 


(131.4) = 64.0 to top of column 


(131.4) = 67.4 to the beam 


(59.0) = 54.2 to top of column 


0.150 
and T7i0 + 0.150 (59.0) = 4.8 to the beam 


where 1.710 and 0.150 represent the relative stiffnesses, about the z axis, of 
column and beam, respectively. One-half of 54.2 is carried-over to the 
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bottom of the column. However, since the moment 4.8 ft. kips is a torsional 
moment, all of it is carried over to the far end of the beam. 

A plan view of a curved girder, fixed at its ends and with two intermediate, 
simple supports, is shown in Fig. 8. If columns and straight beams were 
framed into the supports, the numerical procedure would be no different ex- 
cept that distribution would be made to more than 2 members at a joint. 

Stiffnesses and carry-over factors were obtained from Tables 1 and 2. 
Fixed-end bending moments and twisting moments due to uniform load were 
obtained by means of Table 4, and they were resolved into fixed-end moments 
about x and z axes. 

Moments are distributed and carried-over in Table 6, in the same manner 
as before, but there is no distribution to, and no carry-over from, the fixed 
ends. Because of symmetry about the z axis in span 2-3, the final end mom- 
ents about the x axis at joints 2 and 3 will converge to the fixed-end moments 
of span 2-3, and are listed as such. 


DETERMINATION OF STIFFNESSES, CARRY-OVER FACTORS, 
AND FIXED-END MOMENTS 


The stiffnesses, carry-over factors, and fixed-end moments listed in 
Tables 1, 2, 3, and 4 were obtained by means of the shear and torsion anal- 
ogy*. Symbollic expressions were written for each of the terms in the three 
equations of the analogy. These were integrated to obtain general expressions 
for stiffnesses, carry-overs, and fixed-end moments which were then evalu- 
ated for the cases listed in Tables 1 to 4. This work was done in a thesis® 
prepared under the writer’s direction. From the expressions given therein, 


values of stiffness, carry-over factors, and fixed-end moments can be ob- 
tained for any ratio of EI to GJ. 

For members of other than circular plan and constant section, values of 
stiffnesses, carry-over factors, and fixed-end moments can be determined by 
numerical application of the shear and torsion analogy‘ in a manner similar 
to that used in obtaining, by means of the column analogy, such values for 
moment distribution in frames with haunched members. 


CONCLUDING REMARKS 


A numerical procedure has been presented for the structural analysis of 
continuous frames containing curved girders as well as straight members. 
The procedure is applicable whether the straight beams are parallel to one of 
the adopted axes, as in Fig. 6, or not. In the latter case, stiffnesses and 
carry-over factors for the straight beams can be obtained from a previous 
paper® by the writer. Moments are then distributed and carried over with 
respect to the adopted system of axes, as before. 


‘*Laterally Loaded Plane Structures and Structures Curved in Space’’, by 
Frank Baron and James Michalos, Transactions , ASCE, Vol. 117, 1952, 
p. 279. 

‘‘Properties for Numerical Analysis of Frames with Curved Girders’’, by 
Timothy Chin, a thesis submitted to the Graduate Faculty, lowa State 
College, Ames, Iowa, in 1952, in partial fulfillment of the requirements 
for the degree Master of Science. 
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(c) 


Fig. 1. Plan Views of Frames with Curved Members 
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0.109 0.1087 0.1127 0.00066 0.00367 0.311% 0.3034 0.0833 0 
o.7 0.07123 0.0686 0.001% 0.0067 0.0030 0.7 0.18380 0.06003 0.06210 0.06166 
0.0998 0.00107 0.00250 0.8 0.09 0, 0.08268 0.03198 0.0341 
0.01002 0.01010 0.00032 0.00088 0.000% 0, 0.0193 0.00918 0.00908 0.0078) 
on 0.10909 0.1098 0.11188 0.00108 0.00185 0.00063 0.279% 0.29816 0.26337 0.019% 0.00153 
0.116 0.00331 0.007 0.43323 0.49867 0.061% 0.06651 0.07% 
0.3 0.20829 «(0.20933 0.21767 0.0071 0.007% 0.01206 0.507 0.90276 0.10819 0.11052 0.12297 
on 0.20812 0.2170 0.00" 0.52%5 0.52801 0.50097 0.13119 0.137} 
0.09%. 0.09168 0.00863 0.00609 0.00938 0.217 0.21198 0.19779 0.002% 0.0819 
0.00639 0.002% 0.0033) 9.2070) 0.10807 0.09906 0.08681 0.035 0 0.03726 
0.0168 0.0127 0.01756 0.000% 0.00097 0.001) 0.02688 0.00879 0.019% 0.01232 0.01 0.009% 
on 0 0.136 0 ° ° 2203 0.02009 0.03157 
o2 0 ° ° ° 0693 0.006 0.0959 
° ° ° ° A762 0.1790 0.18615 
° 18 ° ° 18169 0.18169 0.18167 
os ° ° ° ° 0.199230. 
0.7 0.116 0 ° ° ° ° L096 0.10809 0.0906 
0.8 0. ° ° NG 0.05333 0 
o9 ° ° ° 01590 0.01833 0.0108 
‘ 
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W per unit length 


m,(1/wr*) 


EI/GJ = 1 


0.00573 0.0057h 0.00576 
0.02315 0.02361 0.02521 
9.05292 0.05334 0.0569 


0.00000 0.00000 0.00000 
0.00005 0.00012 0.00052 
0.00041 0.00058 0.00114 


60 0.09601 0.09712 0.10022 0.00169 0.00233 0.00412 
75 0.15358 0.15572 0.16088 0.00502 0. 00666 0.01060 
90 

105 | 0.31643 0.32059 0.32822 0.02545 0.03087 0.04062 


0.42301 0.427h2 0.43L56 
0.54624 0.5500 0.55557 
0.68502 0.68745 0.69057 
0.83729 0.63862 0.83913 0.20396 0.21028 0.21798 
1.00000 1.00000 1.00000 0. 29756 0.29756 0.29756 


| 

0.22676 0.23004 0.23790 | 0.01216 0.01543 0.02230 
| 0.04782 0.05546 0.06762 
' 0.06261 0.09180 0.10516 
| 0.13346 0.14253 


180 


Table 4. Fixed-end Bending and Twisting Moments due to a Uniformly Distributed 
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